Bridging GCSE and A-Level Maths

Welcome to A Level mathematics!
Congratulations on applying to study A Level Maths at Swakeleys School!

AS Maths has been designed to follow on from the GCSE in Maths, as a course
for students who enjoy and are successful in Higher tier GCSE algebra topics. We
would like to ensure that you understand which topics the course will cover, and
give you the opportunity to practice the key skills that are required to have
sooner or latter to take the Mathematics course.

The aim of this work is to ensure you are extremely fluent with your GCSE
algebra skills so that you are able to access all aspects of the AS Maths course

when it begins.

Remember to work on your maths little and often to keep it fresh in your mind.
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Core Topics

* Indices

* Expanding brackets

* Factorising

e Surds

* Inequalities

 Coordinate Geometry

e Circle Theorems

* Algebraic Fractions
 Completing the Square

* Rearranging equations

* Solving simultaneous equations
* Drawing graphs

* Trigonometry —sine rule
 Trigonometry — cosine rule
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The algebraic term 3x° is written in index form. The 3 is called the coefficient. The x part of the term
is called the base. The 5 is called the power, or index, or exponent. 3x° means 3 X x X X X X X X X X

Indices follow some general rules.

Rule 1: Any number raised to the power zero is 1 x'=1 Rule 1 has an
Rule 2: Negative powers may be written as reciprocals. x " =—- exception when x =0,
: ; . x as 0° is undefined.
Rule 3: Any base raised to the power of a unit fraction :
is a root. x"=%x
1 1
You can combine terms in index form by following this simple set of x2=x and x* =x
rules callec} the index laws. You don’t normally
To use the index laws, the bases of all the terms must be the same. write the ‘2’ in a
m square root.
Law 1: To multiply terms you add the indices. x“xxb=x""
Law 2: To divide terms you subtract the indices. ~ x“+x"=x""

Law 3: To raise one term to another power you
multiply the indices. (x° Jb _ b
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Indices

Simplify the expressions in questions 1 to 44. Show your working.
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15
16

44
45

46

47

48

12f2x Af*+6f3
12e" + 6e*+ 3¢€”
3ax5b

5w X 4x x (—6x)

3
()
49
If 5"=625, find the

value of n

If 3™ =243, find the
value of m

If 6**'=216, find
the value of ¢

If (22F)(2 %) = 2586,
find the value of b
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Indices - Answers

64
~243
2401
l::”
pll
_Flz
64{:—13
dl-‘l

9 70é°
10 ~108f
11 4g°
12 -4k
13 8f°

2
14 —e*
3

@ <1 N W=

15 15ab
16 —120wx*
17 24def*
18 -94"
19 5résl
20 5r-s*
21 ‘__gi(]h‘.ifl-
22 —g®h’i ™"
23 5z°°
24 6u't

25 6u'®
26 517

27 —51%*

1
28 —
5

29 5
30 6
31 -50
32 3

14/06/2023

39 256
40 8
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Expanding Brackets

Expand the following expressions.

&P 2x+3)36x+1)
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& 6+ 5001 - 21
Q (3 —2g)(4 + 5¢)

(4k + 3)(3k - 5)

& Gw + 22w + 3)
& “4r-3)2r-1)

(4d - 1)(3d + 2)
(2 + 3001 + 21)
&P (4 + 303 -2n)
@ (1 -3p)(3 + 2p)

L
.
L) lmC\l‘:f (]
I+ e M=
+ 2 W
—_— T h‘::!h.,| |
=~ ST
— |~ +TW0S
4o e + |
oL NS SRt
SN SN &&v
MO OMOANNL O
QN
©0©Cq
+ L1+
= 2. ey
lf:."_m(.%a-ch%
1_ﬂ'_w_"'_«t---\\l |
T NOOwL oy |
theforoNW O~ ~O
: v Q0
even if
coefic oy 2 2 “g
= EI...!._. [
1—,:\]1—_‘_[\] —~
+ 4+ H
S NN
<t ~OoOMOM
il ol o

G (4 +3p)2p + 1)
&0 2 +3n02r-3)

&P -203r+1)



Bridging GCSE and A-Level Maths
Expanding Brackets 14/06/2023

Try to spot the pattern in each of the following expressions so that you can immediately write down
the expansion.

& 2+ 1)2x-1) & 31+ 23r-2) & Gy +3)5y-3)
& (4m + 3)(4m - 3) (2k — 3)(2k + 3) (4h —1)(4h + 1)
&9 2 + 302 -3x) &P 5 +2065-2) &P (6-5y(6 + 5y)
& @+ bla-b (3t + k)3t — k) & (2m - 3p)2m + 3p)
&5» 5k + g)(5k—g) &8 (@b + cd)ab - cd) &)  + bid - b))
pq_pﬂ Gl ZPE'—J_EQEH 143 33_3:)!'93 el
-de — Juiy g} A =216 b 24— ;P 0}
AGC—9€ 6 7 —GC 8 X6V L
L —z491 9 S 6— W9l v

6-.45z¢ y— 162 L=}
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Expanding Brackets

Expand the following squares.

14/06/2023

I renvve Aano Tes

&P «+5)° (m + 4)° (6 + 1)’ Remember always write
down the bracket twice.

2 ' 2 Do not try to tak
(3 +p) (m - 3) (t—-5) shozocug. 010 ATy
(4 —m)? (7 - b? . g
&9 Gx+ 1) (4t + 3)? & 2 +5y)° & G+ 2m)’
&5 (413 & (3x-2) & -5 & 657
Q (x + y)* m (m — n)* @ (21 + y)* m (m — 3n)?
@ -+ 274 @ :-59-25 @ u+67-3 @ x-2-4

Xy — X g Xg) + X €2 Y0} - X 22

Xy + X hg U +umg - uog A+ Ay + Iy 6l

M+ uwg - u gy A+ &g+ X [} 98 +409 — 45T 9}
b+102-.052GF VHXCL-X6YF 6+IZ—.91 €
6 +ugl + wy gk ¥+402+ASZ bE 692 2191 O
| +X9+ X66 6V tyVL-¥8  9F +wg-—uw )

GZ+I0L-,19 6+ w9 - _wg g+dg+.d ¢

9 +Igl+,0€ 9L+t wg+ wg  GZHXQL+ X}
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Factorising

Factorise the following.

&P +5x+6
& ' +14p+24
&P « +8a+12
&E» °-51+6
&) - 18c+ 32
&) -8p+15
& ~+3x-10
& " -3n-18
& *-1-9
€D ~+24+1
€D - 24x+ 144

& " +50+4
&» +9r+18
QL) K+ 10k + 21
&) & -5d+4
&) °-13t+36
& ' +5-6

& ° + 20y + 100
€& i -d-12

&» ' +7m+10
&» v +11w+18
&L /1 + 221+ 21
&) °-72+10
&) - 16y + 48
& 7 +2-8
&y " -6r-7
&) -2w-24
€ " -2-63
& “-8+16
©» 2--20

[
|

.

G-ar+)ee (-ple+p se
9¢ (y-1) ¢
ee  -Ju+)ze
0e  (9-m)(y + ) 62

(9-u)lg+u) rg (=41 +4) 92

(e-2g+x) ve (c-1lr+71) €e

g-dig-d)g (8-NB-1) oz

E-Nr-2D8r (@OL-2@E-2) LI

5-3g-3) sk  (1-Plyr-p ¥+

@r+ac+qzr Gz+H0 ) 1
@+vz+v) 6 (F+xe+x) 8
Q+ag+4)9 (L+dig+d)g
(G +uw)(g +w) g Frall+ie

&P © +10k+24
& < +7x+12
& »° +20b+ 96
&) - 15x+36
&) -14j+48

U revTe ano Ties

First decide on the signs
in the brackets, then look

at the numbers.

&) - 18m + 81
@qz—q—56

8-Db),+D) ov
dgh -3 18
oL +4) e
B-us+y e
(L1 —w)y +w) gg
(9—ui)g +w) 5g
(-4)g+4) ez
(gt —4)r - £) 6}
(gL -2 -x 9t
E-1-1¢er
(L+¥Ee+y ok
6+ m)z+m) 2
O+¥Nr+¥y
E+xz 2
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Factorising

Each of these is the difference of two squares. Factorise them.

' - 2
7 ranTe AN TS

a X -9 ' =125 Learn how to spot the
difference of two squares
2 2 as it occurs a lot in GCSE
a n 16 a =% examinations.
& -1 & - 100 : g
& - @ < -6 @ -0
@ <-r @ = -4’ @ -9
&0 9’ -1 & 16 -9 &L 251° - 64
& 4 -9 & o’ - 4’ &L 16)° - 25¢°
(xg — Ap)(xg + Ay) 8} (MZ —16)MZ + 1) L} (A — xg)(de + x2) 9}
(8-x9)(8 +xg) gF (€-xp)e +xp) pi (1 — X)) +xE) €}
Mg —x)(Ag +x) g2 “Z-2(EZ + ) 1} @ —x)+x) 0}
B-2E6+1)6 (8-xg+x8g (-2 +2) 2
Or-70L+y9 -0+ s (x-glx+¢g ¥
(7 — )y +w) g (G-2s+1e (e-xg+x)}
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Factorise the following expressions.

& 2° +5x+2 & 7 +8x+1 & 4° +3x-7
& 247 + 191+ 2 @ 15 + 211 @9 16" -8x+1
&» 6’ +33y-63 &» 4" +8y-9 & 8x* +10x-3
LD 6r° + 131+ 5 S 3" - 16x-12 & 7x* - 37x+ 10
e-x)G-xegr @+xeo-x 1 (§+€) +12)0
(- rv){ewz) -4g+4yre (e- :fa)uﬂf}ez

A =

4
6

)9 (b—190+1e)s (L +18)g+
(b=%(, +xp) €

12) ¥
(b+x(+x)2 (@+x(+x2) 1
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A rational number is one that you can write exactly in the form m
P

q
where p and g are integers, g # 0

Numbers that you cannot write exactly in this form are irrational numbers. If you express them as
decimals, they have an infinite number of non-repeating decimal places.

Some roots of numbers are irrational, for example, \I'E =1.732... and Eﬁ =2.15443... are irrational

numbers.

Irrational numbers involving roots, {'f_ or+/ , are called surds.

You can use the following laws to simplify surds

Jaxy/b=+ab
i
Jb \'b
You usually write surds in their simplest form, with the smallest If Va and b cannot
possible number written inside the root sign. be simplified, then
You can simplify surds by looking at their factors. you cannot simplify
You should look for factors that are square numbers. Ja+Jbora-vb

For example V80 =416 x+/5 =445 fora#b
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Calculations are often more difficult if surds appear in the denominator. You can simplify such
expressions by removing any surds from the denominator. To do this, you multiply the numerator

and denominator by the same value to find an equivalent fraction with surds in the numerator
only. This is easier to simplify.

This process is called rationalising the denominator.

If the fraction is in the form m

k
ﬁ’ multiply numerator and denominator by Ja

, multiply numerator and denominator by a ¥+/b

QI =
ﬁ-hgl?‘"

Jb’ multiply numerator and denominator by va ¥v/b
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Surds

Complete this exercise without a calculator.

1

Classify these numbers as rational or irrational.

a 1+ 25 b =2 c 4=3
d 21 e 169 1(\/5)2
9 (\17)

For each of these expressions, show that
they can be written in the form a+/b where
a and b are integers.

a Jax+21 b V8x+\7
¢ J75 d 27
B0 ()

10

14/06/2023
1] (Jl_?]s h 2J3x3V2
i 5J6x7J18 ] 4424 %6430

Show that these expressions can be
expressed as positive integers.

V128 Vi2s
a5 b5

Show that these expressions can be written
. a .
in the form —, where a and b are positive

integers.
V32 X V50
T J200 J72
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9 Show that these expressions can be written 7 Rationalise the denominators in these
in the form a+/b, where a and b are integers. expressions and leave your answers in their
simplest form. Show your working.
a 54 b /432 T -
¢ 1280 d /3388 a3 N3
e V2 x420 f J2x.126 . Y g 3
0 20+ h VB2 e 2o =
3J7 X 5v4 13415 = 2410
i V150 =24 | J75+12 8 i, f 2
637 475
m J363-.48 n J72-.288 +.200 8 -5 4+2
6 Show these expressions can be written in the i V6 — V5 j 3VI1 - 4y7
form a+ by/c, where a, b and c are integers. 6 + V5 Vi1 -7
a (3\/_ +f)2 8 Rationalise the denominators and simplify
b (J_ 3)(4 \){_) these expressions. a, b and c are integers.
+ +

¢ (2-3)a-2 s 22w 2

Vb a—/b
d (3V5+4)(25-6) . Ja+ble , Ja-blc
e (543+3v2)(4427-5.8) Thle Ja+b
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Surds - Answers

1
2

Parts a, e and f are rational; parts b, ¢, d and g are irrational

a Zﬁ b
22
21043

f

J

8 b
w or04 b
b

f

j

n

Bo= oo

=

10
3.6
210
3J6
743

59+ 6430 b
6-10J5 e

5~ o

=P

2J14 c 53 d 33
162 g 17J17 h 66
28845

5

5

6

1243 c 165 d 2247
6\7 g 35 h 22
73 k 243 1 45
42

14+7J2 ¢ -14+72
120 - 14/6

7

V13
13

&

10
5

58+ J5)
59

11-230

aJb +b
b

JEE+bc

bc

14/06/2023

406
3
3(V2+1)
13V5 30
20 30
2242 -1)

5 - V77
4
a’+2a\b +b
at-b
a—+Jab —bJac + b\bc

a-b
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You can express inequalities using the symbols < (less than), > (greater than), < (less than or equal to)
and > (greater than or equal to).

You can represent inequalities on a number line. m

For example
=8
-12 —8 -4 0 4 8 12
—L=y=1
-12 —8 -4 0 4 8 12
2<z<8§
=12 -8 - f] 4 8 12
w=—orw=11
-+ T T T T T T 1 >
-12 —8 —4 0 4 B 12
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On a number line, you use a dot, @, when representing < or 2, and you use an empty circle, O,
when representing < or >

You can also use set notation to represent inequalities.
For example, the last inequality could be represented in any of the following ways.

e welwws—dorw>11}
w is an element of the set of values that are less than or equal to —4 or greater than 11
o we{wws—tufww>11}
w is an element of the union of two sets. This means w is in one set or the other.
o we (—oo,—4] U (11, <)
w is in the union of two intervals. Square brackets indicate the end value is included in the
interval, round brackets indicate that the end value is not included in the interval.

To solve linear inequalities you follow the same rules for solving
linear equations, but with one exception.

When you multiply or divide an inequality by a m
negative number, you reverse the inequality sign.

A quadratic inequality looks similar to a quadratic equation except it has an inequality sign instead
of the ‘=" sign.

You can solve quadratic inequalities by starting the same way you would to solve quadratic
equations. The answer, however, will be a range of values rather than up to two specific values.
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1 Show the following inequalities on a number 3  Find the values of x for which
line.

a 2x—-9>-6
a r>7andr<12

b 15-2x=>8x+34

b s=>14
c 3<u<9 c 2(4x—1)+6<15—-3x
d v<5andv>14 d 3(x-3)+6(5—-4x)<54

2 Draw graphs to show these inequalities. e 4(2x+1)—7(3x+2)>5(4-2x)—-6(3 —x)
You can check your sketches using a graphics 1 3 5
calculator. f 4[3I—E)+2(3—3I] r:ﬁ[erE]—Z(x—E]
a x>-4 4 For each part a to d, sketch a suitable
b y>5 gquadratic graph and use your sketch to solve
C y+x<6 the given inequality.
d 2y-3x<5 a x*+x—-6>0
e 3y+4x<8 b x*+11x+28<0
f2y>10-4x C x*-—11x+24<0
g y<x+4y+x+1>0;x<5 d 2=2x=24>0
h y=22; x4+y<7, y=2x=4<0
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Inequalities

9 Sketch graphs to solve each of these

inequalities.

a 2x*=3x-=-2>x+4

b 3x*+19x—14<2x-38
c =-3+13x=-4x*<5x-=15
d 6x*+16x+8=8-2x

6 Complete the square or use the quadratic

formula to solve these inequalities to 2dp.

Sketch graphs to help you with these

questions.

a
b

c
d

X*+2x—-7>0
X*+7x+8<0
x*=12x+18<0
x*=3x-21=20
3x*=5x-7>0

42 +17x—4 <0

14/06/2023

7 For each of the pairs of inequalities below

o

i Solve the inequalities simultaneously,
i  Record the points of intersection,

ili Shade the appropriate areas
graphically.

y<2x+3;y>x*
X+y<4,y>x*—5x+4
y—4x<17, y<4x*—4x—-15;x<4

y—2x—-20<0; y+4x—6<0;
y>x*—5x—24
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14/06/2023

[nequalities - Answers

od © e2 doC
- T T T T T T T T T T T T T T T T ' |=
-1 0123 456 7 8 910111213141516
2 a ¥ b y
\ s le
] 4
| 3 6
jx=—? y=3
I 1 2
BB O ¥ R T
I
=
i a3 -5
I —-4
| 5 —104
C ¥ d
N 10
g
k yt+tx=6
St
2 N
A3 L s

- 4 -2
-2
4
64

xty=T S

3 a
d
4 a
c
5 a
C
6 a
c
e
g
7 a i
ii
iii

3
.-x:}E b x<-19 c x<1
=11 ~d
.-:cE? e — f x<0
x<=3orx>?2 b —7T<x<=i
3<x<8§ d x<—-dorx=é6
1
x>=3orx<-=1 b —ﬁ-::x{g
x<—lorx=23 d x=0orx<-3
x<—383orx>1.83 b -556<x<-1.44
1.76 <x<10.24 d x<=3320rx>632
x<—091 or x> 257 f 447 <x<0.22
1.00=x <240 h x<£-038orx=3.05
y=2x+3;y=42 )
(-1,1)and (3, 9) b i x+y=%y=x'-5x+4
y i (0,4)and (4,0)
Gugtig 108 - i y
\ 9 4 8£
\ 1 \
\ 8 1 /1 L
\ 7 /,I’ !
\‘ 6 /14 xty=4 {‘
\ 51 ,/ ’l Sv
\\ 4./ ,I \
v 34
\\,2/‘ ,/l
1)\111, e
—7—6—'5—21—3-2'—11. 123456 7
,’ Ll —n——v—d =X
* g =4 2l ) 7
y=2x+3 , :g =21
=31
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Coordinate Geometry

The equation of a straight line can be written in the form y=mx+¢

where m is the gradient and c is the y-intercept.

A straight line can also be written in the form m
y=y,=mlx—x,)

where (xl. J’J is a point on the line and m is the gradient.

You can rearrange the general equation of a straight line to get a formula for the gradient.

The gradient of a straight line through two points m

(x,y,) and (x,, y,) is m= Yo— W
X, — X

You can use Pythagoras’ theorem to find the distance between two points.

The distance between two points (x,, y,) and (x,, y,) is m
given by the formula \/(xl— %) +(y,—v,)
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Coordinate Geometry

A
10

0
8
7
6
5
4
3
2 _
/
I I
) / i

-2

The coordinates of the midpoint of the line joining m
(x,,y,) and (x,, y,) are given by the formula

(‘x'l+‘x2 J’1+J’2)
2 2
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You can use the gradients of two lines to decide if they are parallel or perpendicular.
Two lines are described by the equations m
y,=mx+c andy,=mx+c,
If m =m,, the two lines are parallel.

If m X m,=-1, the two lines are perpendicular.
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Coordinate Geometry

3.1 Straight-line graphs

1 Find the gradient m and the y-intercept ¢ of
each of these lines.

ay=3x+6
4x—5

¢ y==%5

Sketch, on separate diagrams, the lines with

these equations. Label the points where

the line crosses each axis with their

coordinates.

b y=2-4x

dy= —%(3 +4x)

2 By making y the subject of each equation, find
the gradient m and the y-intercept ¢ of these
lines.

ay-2x+1=0 b 2y—-3x=2

S e Yy x_
c 4x—3y=1 d4+2-—3

3 a Sketch, on the same diagram, the line
y—2x=1andtheline2y —6x+ 1= 0.
b Find the distance between the y-intercepts
of these graphs.
4 a Sketch, on the same diagram, the line
y—3x+4=0andtheline 3y + x = 6.
b Find the distance between the x-intercepts

of these graphs.

5 Express the equations of these lines in the
form ay + bx + ¢ = 0, where a, band c are

integers.
1 3 i S
=gt bymaeh
3 1 2 5
cCy=-gx+3 dy=§x—§

i

6 The diagram shows a sketch of the lines A, B,
Cand D. The lines have equations (1), (2), (3)

8

and (4).
ye3xa44 n
y+32=4 2)
2r=4+3x (3)
Ixe2y-4=04) g

—F

Match each line with its equation.

Determine which of these equations describe
a straight line. For those that do,
sketch their graphs on separate diagrams.

a22x—-y=1

b yxt+1)=4+xy

c yE2+y=14

L

d

o~

?_
1 =1
exty=2

< [

f 3yx+1)—2x(3y+2) =6

The line L has the same gradient as the line

4y +2x+3=0.

a Find the gradient of L.

Given that this line L has the same y-intercept
astheline3y —4x+ 2 =0,

b find the y-intercept of L.

¢ Find the equation of L, giving your answer
in the form ay + bx + ¢ = 0 where @, band

Care lulegers.,

The line I has equation ay + bx = 10, where a
and b are constants.

The line crosses the y-axis at the point (0,5)
and crosses the x-axis at the point (—2,0).

a Using this information, or otherwise, find
the value of @ and the value of b.

The point P(4,4) lies on this line.

b Find the value of g.
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Coordinate Geometry

3.1 Straight-line graphs

1 Find the gradient m and the y-intercept ¢ of
each of these lines.

ay=3x+6
4x—5

¢ y==%5

Sketch, on separate diagrams, the lines with

these equations. Label the points where

the line crosses each axis with their

coordinates.

b y=2-4x

dy= —%(3 +4x)

2 By making y the subject of each equation, find
the gradient m and the y-intercept ¢ of these
lines.

ay-2x+1=0 b 2y—-3x=2

S e Yy x_
c 4x—3y=1 d4+2-—3

3 a Sketch, on the same diagram, the line
y—2x=1andtheline2y —6x+ 1= 0.
b Find the distance between the y-intercepts
of these graphs.
4 a Sketch, on the same diagram, the line
y—3x+4=0andtheline 3y + x = 6.
b Find the distance between the x-intercepts

of these graphs.

5 Express the equations of these lines in the
form ay + bx + ¢ = 0, where a, band c are

integers.
1 3 i S
=gt bymaeh
3 1 2 5
cCy=-gx+3 dy=§x—§

i

6 The diagram shows a sketch of the lines A, B,
Cand D. The lines have equations (1), (2), (3)

8

and (4).
ye3xa44 n
y+32=4 2)
2r=4+3x (3)
Ixe2y-4=04) g

—F

Match each line with its equation.

Determine which of these equations describe
a straight line. For those that do,
sketch their graphs on separate diagrams.

a22x—-y=1

b yxt+1)=4+xy

c yE2+y=14

L

d

o~

?_
1 =1
exty=2

< [

f 3yx+1)—2x(3y+2) =6

The line L has the same gradient as the line

4y +2x+3=0.

a Find the gradient of L.

Given that this line L has the same y-intercept
astheline3y —4x+ 2 =0,

b find the y-intercept of L.

¢ Find the equation of L, giving your answer
in the form ay + bx + ¢ = 0 where @, band

Care lulegers.,

The line I has equation ay + bx = 10, where a
and b are constants.

The line crosses the y-axis at the point (0,5)
and crosses the x-axis at the point (—2,0).

a Using this information, or otherwise, find
the value of @ and the value of b.

The point P(4,4) lies on this line.

b Find the value of g.
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Coordinate Geometry

3.2 The equation of a line
1 Find the gradient of the lines which pass
through these points,
a A(3,4) and Bi(G,10)
b A(1,—3) and B(3,7)
¢ A(-1,5) and B(3,7)
d A(-4,-1) and B(—8,5)

b

The sketch shows the line I which passes
through the points A(0,3) and Bi(2,2). This line
crosses the x-axis at point €.

a Find the gradient of I,

b Find the equation of L. Give your answer in
the form ay + bx = cwhere a, b and care
integers.

¢ Find the coordinates of point C.

<L)

Find the equations of these lines.

a The line with gradient 4 which passes
through the point A(2,3).

b The horizontal line which passes through
the point C(35,-7).

¢ The line with gradient —%which passes
through the point B(4,—2).

Give your answer for this line in the form
ay + bx = ¢ where g, band c are integers.

4 Find the equations of the lines passing

through these points. Sketch each line
on a separate diagram.

a A(0,~1) and B(5,14)
b A(2,5) and B(4,1)
¢ A(—6,~4) and B(10,8)

d A(},2) and B3,12)

a Aline passes through the points A(1,5) and
B(3,p), where p is a constant. Given that the
gradient of this line is 4, find the value of p.

b Aline passes through the points A(g,12)
and B(6,q), where g is a constant. Given
that the gradient of this line is ~7, find the
value of g.

¢ Aline passes through the points E(r,r + 1)
and F(8,0), where ris a constant.

Given that the gradient of this line is —%,
find the value of r.

The line L passes through the points
P(—4,—3) and Q(4,9). This line crosses the
y-axis at point A and the

X-axis at point B. —————
R Handy hint
a Find an equation for L. Sketch the line L.

b Write down the coordinates of A.
¢ Find the coordinates of B,

d Find the area of triangle OAB, where O is
the origin.

7 Aline passes through the —_—
points S(3,~2) and T(12,—14). [landy hint
Sketch the line.

This line crosses the y-axis at
point A and the x-axis at point B,

a Find the coordinates of A and the
coordinates of B,

b Show that the distance AB = 3.

Aline has equation y = mx — 3 where misa
constant. The point A(—5,7) lies on this line.
a Find the value of m.

b Determine whether or not the point
B(—7,10) lies on this line.

9 The line L has equation 2y — 4x + k = 0 where

kis a constant.
The voi 51\
e point A(z,z) lieson L.
a Showthatk=09.
b Find the y-intercept of L.

¢ Find the area of the triangle formed by this
line and the two coordinate axes.

10 The line L passes through the points P(1,4k)

and Q(k,4), where k is a constant, k> 1.
a Show that the gradient of L is —4.

b Find the equation of L, giving your answer
in terms of k.

Point R is where L crosses the x-axis.
¢ Show that the coordinates of R are (k + 1,0).

d Find the value of k such that PQ = QR.
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2.3 Mid-points and

=

Coordinate Geometr

distances

1 Find the coordinates of the mid-point of
the line AB.

a A(2,5), B(10,3)
b A(5,—-1), B(—1,7)
¢ A(—6,11), B(3,4)

d A(33). 5(3)

2 For the points A(3,2) and B(p,q), where p and

¢ are constants,

a find an expression for the coordinates of
the mid-point of AB.

Given that this mid-point has coordinates
4.1),

b find the value of p and the value of g.

3 Find, in terms of the constant k, the

coordinates of the mid-point of AB.
Simplify each answer as far as possible.

a A(2,4), B(k,2k)
b A(—2k,>5), B(0,2k+1)
¢ A(Bk2—Kk), B(k,5k)

4 The mid-point of AB is the point C(2,3). If A

has coordinates (1,—2) find the coordinates
of B.

Points A(--4,4) and B are such that the mid-
point of AB is the point C(—3,7).

a Find the coordinates of B.

b Find the coordinates of the point D such
that B is the mid-point of CD.

Points A(p,3) and B(14,q), where p and q are
constants, are such that the mid-point of AB
is the point C(8,11). Point D is the mid-point
of AC.

a Show that p = 2 and find the value of g.
b Find the coordinates of D.

It is given that the distance AD = 5.
¢ Find the distance DB.

The vertices of the square ABCD have
coordinates A(1,3), B(—3,7), C(p,g) and
D(5,7), where p and g are constants.

a Find the coordinates of the mid-point
of BD.

The diagonals of any square bisect each othe

b Using this information, or otherwise, find
the coordinates of C.

8

10

11

Find the distance AB for these points. Give
answers in simplified surd form where
appropriate.

a A(1,4), B(6,2)
b A(2,-2), B(5,7)
¢ A(-3,—-1), B(—5,9)

a (-4

2'2
Given the points A(3,4), B(6,—1) and C(—2,7),
prove that the triangle ABC s isosceles, but
not equilateral.

A circle has diameter AB, where A(4,—1) and
B(8,2).

a Find the coordinates of the centre of this
circle.

b Show that the radius of this circle is % units.

The point C(2,—3) is the centre of a circle. The
point A(7,9) lies on this circle.

a Show that the radius of this circle is 13 units.

b Find the coordinates of the point B such
that AB is a diameter of this circle.
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Coordinate Geometry

[

-4 Parallel and
perpendicular lines

Write down the gradient of any line which is

a parallel to theliney =5 — 3x
5 Theline L has equationy =2 — 4x.
b perpendicular to the line y = 4x + 1. : . ) —
a Find the equation of the line which is

parallel to L and which passes through the
Find the gradient of any line which is point (0,3).
a parallel to the line 2y = 5x — 6

b perpendicular to the line 3y + 4x = 1.

b Find the equation of the line which is
perpendicular to L and which has the same
y-intercept as L.

6 Theline L has equation 4y — 3x = 11.

By finding their gradients, show that these
pairs of lines are parallel. a Find the gradient of L.
ay=2x—4 b 2y—3x=1 b Find the equation of the line which is
y=2x+3=0 y= 4+ 3x perpendicular to L and which passes
2

through the point A(6,—6).

c 2x+4y—3=0 Give your answer in the form ay + bx = ¢

2y+x+1=0 for integers 4, band c.
Show that these pairs of lines are 7 Theline Lhasequationy—3x+1=0.
perpendicular. The points A(3,8) and B(—1,k), where kis a
o b 2y+3x=0 constant, lie on L.
3y+x=3 3y—2x=2 a Showthatk = —4.
cy= 11 —5x b Find the equation of the perpendicular
3 bisector of AB. Give your answer in the
3x—5y+1=0

form ay + bx = ¢, for integers a, b and c.

ridging GCSE and A-Level Maths

8 The diagram shows the triangle ABC where
the vertices have coordinates A(4,5), B(8,10)
and C(13,6).

y

Not drawn
accurately

0

a Find the gradient of AB and the gradient
of BC.

b Hence state the value of angle ABC.

¢ Show that triangle ABC is isosceles and
hence state the value of angle BAC.

9 A(2,7), B(5,1) and C(k,3), where kis a
constant.

a Find the gradient of AB.

It is given that the line AB is perpendicular to
the line BC.
b Showthatk = 9.

¢ Find the equation of the perpendicular
bisector of the line AC.

Give your answer in the form
ay + bx + ¢ = 0 for integers a, b and c.
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oordinate Geometry - Answers
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oordinate Geometry - Answers
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Coordinate Geometry

1

a Write down the equation of the straight
2
line with gradient ~ that passes
through the point (—4, 7). Give your
answer in the form ax+ by+c¢=0,
where a, b and ¢ are integers.

b Does the point (13, 3) lie on the line
described in part a?

Find the gradient and y-intercept of the
line 4x-3y=8

a Show that the lines 2x—=3y=4 and
6x + 4y =7 are perpendicular.

b Show that the lines 2x— 3y =4 and
8x—12y =7 are parallel.
Write down the gradient and y-intercept of
7

2 3
theline —x+—y+—=0
3 47 8

Calculate the gradient of the straight-line
segment joining the points (—5,—6) and
[4r_lJ

Hence write down the equation of the line.

6

9

Write, in both the form y = mx + ¢ and the
form ax + by + ¢ =0, the equation of the line
with gradient —3 passing through (-8,-1)

Work out the midpoint and length of the line
segment joining each of these pairs of points.

a (2,2)and(6,10)
b (-3,-4)and(2,-3)
¢ (0,0)and (v/5,2v3)

Which of these lines are parallel or
perpendicular to each other?

2x+3y=4 4x—-5y=6 y=4x+8
10x—8y=5 10x+8y=>5 y—12x=7
6x+9y=12

a Write down the equation of the straight
line through the point (5,—4) which is
parallel to the line 2x + 3y—=6=0

b Write down the equation of the straight
line through the point (=2,-3) which is
perpendicular to the line 3x+6y+5=0
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Coordinate Geometry - Answers

1 a 2x+3y-13=0 b No.

2 The gradient is % and the y-intercept is — 2

2 '
3 a The gradient of 2x - 3y=41is 3 the gradient of
6 = 9 _
6x + 4y = ?is—6= —3 andgx?g:—l 50 the lines are
perpendicular.

b The gradient of 2x — 3y=41is % and the gradient of

8x - IE}r:?is%:E

3
Both lines have the same gradient, so the lines are
parallel.
. -8 ) 7
4 Gradient= 5 and y-intercept = — 3
5 m=-1_—{_6)=~5~and 9y —5x+29=0
4 —=5 9
6 y==-3x—-250ry+3x+25=0
7 a (4,6), length 4-\;@ b (_?1,_??} length q'%
C [%.%} length Jﬁ

8 y=4x+8and3y—12x=7 are parallel; 2x + 3y =4 and
6x 4+ 9y = 12 are parallel; 4x — 5y =6 and 10x + 8y =5 are
perpendicular.

9 a 3Iy+2x+2=0 b y—2x-1=0
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Circle Theorems

When you're working with equations of circles, it’s useful to
remember some facts about the lines and angles in a circle. You
should have come across these before in your studies.

» Ifatriangle passes through the centre of the
circle, and all three corners touch the circumference
of the circle, then the triangle is right-angled.

o The perpendicular line from the centre of the circle to a
chord bisects the chord (Point A in the diagram).

* Any tangent to a circle is perpendicular to the radius at the
point of contact (B).
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3 The diagram shows a circle with centre C.

5.4 Three circle th eorems The circle cuts the x-axis at points A(2,0) and
B(8,0).
1 The diagram shows a circle with centre C and Y

radius 5 cm. A tangent to the circle at point
Pis also shown. Q is a point on this tangent
such that the distance PQ = 12 cm

0 A\ /B S
4 The diagram shows a circle with centre C(5,3).
Also shown is a tangent to the circle at point

P(2,9).

a Show that the distance QC = 13 cm. 7,

b Determine whether the mid-point M of QC /

lies inside or outside this circle.
P
2 The diagram shows a P
circle with radius 10 cm.
The line AB is a diameter B L x

Circle Theorems

of this circle. Pis a point

a Show that the gradient of the line CPis —2.
on this circle such that

2 ¥ b Hence write down the gradient of this
the distance AP = 16 cm. 4 Ginpent
a Show that the distance
TR A - G
BP = 12 cm. ¢ Find the equation of this tangent. Give

your answer in the form ay = bx + ¢ where
i i , band ¢ are integers.
b Find the area of triangle ABP., @, b and ¢ are Integers
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Circle Theorems

5 The diagram shows a circle with centre 7 The .diagram shows a circle, centred at the
C(8,4). The line L has equation 3y + x = 6 and origin, and with radius 5.
m[:ﬁSBCtS this circle at points A and &, 6 The diagram shows a circle with centre C(5,4). The line L, intersects this circle at the point
as shown. The tangent to this circle at the point P(8,6) P(—5,0) and the point Q.
Y has been drawn. _
i 2 The line L, intersects this circle at the point Q
J and the point R(5,0).
L \ A
P Q
1] X P R
0 x
a Find the gradient of line L.
0 ]' BN ¥ 1;
b Heneedste dmn._rn the gradient of the a Show that the gradient of this tangent
perpendicular bisector o[ AB. .
is —5. The equation of L, is 2y = x + 5.
¢ Find the equation of the perpendicular . 5 . ;
Lisactar 0? AB BER b Find the equation for this tangent. Give a Show that the equation of L, is y = 10 — 2x.
’ your answer in the form ay + bx = cwhere
a, b and c are integers. b Find the coordinates of point Q.
¢ Find the coordinates of the points A and B ¢ By using the diameter PR, show that
where this tangent crosses the x and y axes. triangle PQR has area 20 square units.
d Show that the region inside triangle OAB d Hence, or otherwise, state (he value of
excluding this circle has area (108 — 13) QP X QR.

squared units.
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Circle Theorems - Answers

N'
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Algebraic Fractions

Simplify each of these.

E£+£ h£+£ cE_{._E

2 3 4 5 4 5

xX v xy 2 x+1 x+2

d5+§ =] 4+E f 2 + 3
2x—1+3x—1 h£+2x—1 ix—2+x+3

9 7 3 5 3 2 3
.r—4+2;n:—3

I 75 2

Simplify each of these.

2 3 4 5 4 5

X v xy 2 x+1 x+42

d = — — = _ = f —
273 =4y 2 3
2,r+1_3.x+3 h£_2x+1 ix—Z_x—E
2 4 5 3 2 4
x—4_2x—3

I 75 2
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Algebraic Fractions

Solve the following equations.

x+1 xX+2 x+2 x+41 4x + 1 X+ 2

a > + = =3 b 7] - > =3 c 3 -2 =2
2x—1 3x+1 2x+1 x+1 3x + 1 5x -1

d 3 + 7 =7 e 5 - =1 f z - =0

Simplify each of these.

X X 2x 3y 4x 2y

— X — b — »x — — W =
2273 7 4 © 3y

4y 3x? x x-2 x—3 5
ST ® 2775 F 95 "6
a 2,t+1x3x+1 h EKZI+1 , x—.?x 4

2 4 5 3 2 x—3

j .1'—5}{ 5

10 12—5.:':
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Algebraic Fractions

Simplify each of these.

. x b 2.4 X
2273 7 T4 € 3y T 2y
4_1?2_2_1 EEJ‘—Z c x-3 . 5
9x = 3y? 2 5 15 " 2x-6
2x+1  4x+2 h E;E,r2+x i x-2 ., 4
2 4 6 3 12 " x-3

. x—S;f—Sx
' 30 " s

Simplify each of these. Factorise and cancel where appropriate.

a X, X p 2X_2X o XX
4 "4 4 4 4 74

g E;E dIx+1 x-—2 c 3t+1_x—2
4 " 4 2 5 2 5
3x+1  x-2 X9, 5 L 2x+3  6x+9

9 ™ 5 10 x-3 5 10
2x? 21»*2
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Show that each algebraic fraction simplifies to the given expression.

2 - 2 =3 simplifies to I +2x—3=0
x+1 x+42
4 7 ) . .
b + =3 simplifies to 337 - 14x+4=0
x—2 x+1
3 4 ) .
c sl 332° simplifies to 8x2+31x+2=0
2 6 . e
d - =11 simplifies to 22x" +21x-19 =0
2x—-1 x+1
3 4 ) .
e T =1 simplifies to X-x=0

Solve the following equations.

Algebraic Fractions

4 5 18 1 2x =1 6
E'Jt:+1+,vc+2_2 I:'4,7«:—1_J'f+1_1 © 2 _,J'|:+1_1
3 4
T o1
Simplify the following expressions.
X +2x-3 b 4x° -1 c x> +x—2
272+ 7x+ 3 2x* +5x-3 9x° — 4
; 47 4+ x—3 . 4 ~ 25
A° —7x + 3 8x° — 22x + 5
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Algebraic Fractions - Answers

5x 19x 23x 3x + 2y 2y +8
1 a & l:rfT ¢ 5 d 5 e i
bx+7 fx-3 13x-5 . 3x -1
"= 97 "5 ' 72 |
12x - 23 x 3x?
] 10 B a X h'? C ﬁ d3
x 11x 7x 3x - 2y xy’ -8 17x + 1 13x + 3x2 - 5x -2
2ag b 20 976 ° % e—— f 0 10
f x-1 gx-1  -x-5 Xx+3 2 . 2% -6yY
6 4 15 h P <
2 3 9
i x—1 i Bx+7 1
4 10 8 ai3-15 b4, 125 ¢ 3,-25 dO0,1
3 a3 b6 e¢2 db e075 f3 ix—1 j—BI+T
422 p3Y .8 42y P2 ‘ 10
B 14 3 3 10 9 a x—1 b 2x + 1 c 2x -1
2x + 1 x+3 dx -2
1 ¢ 6x° + 5x + 1
I — 895 d X+ 1 o 2x + 5
x—1 dx -1
h 2%° + x 2x -4 1
15 ' X3 I x
3 X 8 2xy bx
5 a 5 b y c 3 d = e 1 ‘
2x° —12x + 18 1
f 75 1 h4x+2
X-5x+6 1
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Completing the Square

Another method for solving quadratic equations is completing the square. This method can be used to
give answers to a specified number of decimal places or to leave answers in surd form.

You will remember that:
x+a)? = x>+ 2ax + a*

which gives:

¥+ 2ax = (x+a) -d

This is the basic principle behind completing the square.

Some quadratics are perfect squares such as x* —8x+16 which can be written (x—4)”. For other
quadratics you can complete the square. This means write the quadratic in the form (x+q)* +r

2 2
The completed square form of x° + bx+c is (x+ g) —(5) +c
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Completing the Square

a Write an equivalent expression in the form (x + @) — b.

a x°+ 4x b x°+ 14x c X2 —6x
e X’ —4x f 2+ 3x g x? — 5x
i x2+ 10x i X2+ 7x k x%—2x

@ Write an equivalent expression in the form (x + a)* - b.
Question 1 will help with a to h.
a X +4x—1 b x°+ 14x-5 c X°—6x+3
e x> —4x—1 fF XX +3x+3 gf—Sx—S

i ¥ +8x-6 i 2+ 2x -1 k x> —2x—7

X+ 6x+7

Y rx—1

Y+ 2x—9
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Completing the Square - Answers

@& ) +22-4 B E+7)2-49 (x—3)2—9  d)(x+3)2-9

25

xr-27-4  a+-2  Pa--L hE+H>-1

)(x+5)°-25 ) (x+§)2_ ? k) (x — 1)?—1 ) (x + 1)%-1
- a) (x +2)? -5 b) (x +7)2—54 ¢)(x—3)°—6 d) (x +3)?-2

=25 Ha+d-Z  ge-H-L  ne+d-3

i) (x +4)2-24 i) (x +1)2-2 k) (x —1)>—8 ) (x + 1)2—10
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Completing the Square

If you have an expression of the form ax’ + bx+c then first factor out the @, as shown in Example 1

(
" | Write each of these quadratics in the form p(x+¢q)” +r where p, g and r are constants to be found.
QD
T | a xX*+6x+7 b —2x*+12x
—
% 6V (6 The constant term in the
2 a x2+6x+7=(x+—) —(—) +7 o bracket will be half of the
L 2? 2 coefficient of x
- =(x+3)"—-9+7
=(x+3)* -2 First factor out the
: 2
b —2x2+12x= —2[x2 —Gx] . coefficient of x* then
; complete the square for the
= —2[0‘ —8) = 9] expression in the square
=—2(x— 5)? +18 brackets.
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Completing the Square

Completing the square also helps us find the
minimum/maximum point of a quadratic graph!

The turning point on the curve with equation m
y=p(x+q)’ +r has coordinates (g, r), this will be a minimum
if p is positive and a maximum if p is negative.
(—q. 1)

Find the coordinates of the turning point of the curve with equation y=-x"+5x-2

—x2 +5x—2=—[x2 —5x+ 2] First factor out the —1 then complete the square
- for the expression in the square brackets.

The curve is at its highest point when the bracket

f 2 4 |sequatozero.x-§—0=>x_§
f5)" 17
—_——) X e — +._.
. 2 4
517

50 the maximum point is at (57) PU—
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Completing the Square

1 Write each of these quadratic expressions in the form p(x+q)2 +r

a x'+8x b x’-18x c x°+6x+3 d x*+12x-5
e x°-7x+10 f x*+5x+9 g 2x*+8x+4 h 3x*+18x-6
i 2x*-10x+3 j —-x*+12x-1 k -x*+9x-3 | —2x*+5x-1

2 Use completing the square to find the turning point of each of these curves and state whether it
is a maximum or a minimum.

a y=x"+l4x b y=x"-18x+3 ¢ y=x"-9x d y=—x"+4x
e y=x"+11x+30 f y=-x*+6x-7 g y=2x"+16x-5h y=-3x"+15x-2

222 ale. § 2o [E_,,); ;
Lt s 69 .\6

(<)
Jutod wnwirxew e sy [ —‘—
9 S
yutod wmwituTw e st (Le— “9—)

U W 0 =

utod wnwirxew e st (z ) ce+.(9—%)— | < [E_x)z .
C : :

)u!odwnw!u!wcsg(z—'i-) 61 - S
o €E—(T+¥)E Y V- (c+x)T 8

jutod wmwixew e si (‘7) p .

1u10dum1u1unuesu(l-'i) b l+ (E-+x] J z.. (E_x] 2

' T I 6 I \S 6 ML
Ppd TR (<) o Th—(9+%) P 9-(€+%) 2

utod wumunutw e st (6—‘4-) © ¢

]
—

18-.(6-%) q 91— (¥ +%)
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Rearranging Formulae

Equations and formulae can be rearranged using the same method as for solving equations.

(’
x+B

e Rearrange Ax—-3= to make x the subject.

9

Q_ . .

E R B S o Multiply both sides by 2

© —B—x=

> ERTO s Subtract x from both sides.
kil 2AX—Xx=B+06 e
x(2A-1)=B+6 Add 6 to both sides.

_B+o6 Divide both sides by
T 2A-1 : (2A— 1) to make x the subject. Factorise the side involving x
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Rearranging Formulae

3 Rearrange each of these formulae to make x the subject.
3x—1

a 2x+5=3A-1 b x+u=vx+3 - 2x d 5(x-3m)=2nx-4
2 | U (W | 1
e (1-3x) =t f —=—+-— g ——-6=4 h JVx+A=2B
X pqg x“+k

b+d_x ¢ oo ug—g ot
7 S TS T y—wgy P
> | A | C
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Simultaneous Equations

The graphs of 3x — y=7 and 5x + y =9 are shown. Only one pair of y

values for (x, y) satisfies both equations. This corresponds to the point of 44
intersection of the two graphs. In this example itisx=2and y=-1 3
Equations solved together like this are called simultaneous equations. 21
|

You can solve a pair of linear simultaneous m ‘
equations L 1(1
1. Graphically. 2. By eliminating one of the variables. 2]
3. By substituting an expression for one of the variables from one -
equation into the other. A
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Simultaneous Equations - elimination

You can solve linear simultaneous equations using the elimination method, as shown in Example
4. The solutions to simultaneous equations give the point of intersection between the lines
represented by the two equations.

(
" Solve the simultaneous equations 5x-4y =17, 3x+8y =5 3
Q ; A
= 15x+40y=25 (1) Mulstlply the second equation
o by
o 15x—=12y=51 (2) »
> Multiply the first equation
~— 1
v = _E Subtract equation (2) from
1 equation (1) to eliminate x
5x-4(_5)=17 .
" Solve this equation
SREE=le. to find the value of x 1
5x=15 Substitute ¥ = ) into one
x=3 of the original equations.
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Simultaneous Equations - elimination

4 Use algebra to solve each of these pairs of simultaneous equations.
a 5x+12y=-6, x+5y=4 b 7x+5y=14, 3x+4y=19 ¢ 2x-5y=4, 3x-8y=5
d 3x-2y=2, 8x+3y=45 e 5x-2y=11, —-2x+3y=22 f 8x+5y=-0.5, -6x+4y=-3.5

-i::x‘E—:[ J 2=2'C1 =4 P P—E—:lf‘gz P

I [ I €
L=XC=& di=l‘t-=2q O-=X7T=L ¢ p



Bridging GCSE and A-Level Maths

Simultaneous Equations - substitution

Solve the simultaneous equations y = 2x + 3, 3x + 4y = 1.

Because the first equation is in the formy = ... it suggests that the substitution method
should be used.

Equations should still be labelled to help with explaining the method

y=2x+3 (1)
ox + 4y =1 (2)
Step 1: As equation (1) is in the form y = ... there is no need to rearrange an equation.

Step 2: Substitute the right hand side of equation (1) into equation (2) for the variable y.
X +4(2x+3) =1

Step 3: Expand and solve the equation. X+E&+12=1 Thx==11; x=-1

Step 4: Substitutex=—-lintoy=2x+3: y=—"2+5=1

Step 5: Test the values in y = 2x + 3 which gives 1 = -2 + 5 and 3x + 4y =1, which gives
-3 + 4 = 1. These are correct so0 the solution is x =—1and y = 1.
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Simultaneous Equations - substitution

Solve the simultaneous equations dx +y = 5 and 5x — 2y = 12 using the substitution method.

Looking at the equations there is only one that could be sensibly rearranged without
involving fractions.

Step 1: Rearrange x+y=5toget y=5-23x (1
Step 2: Substitute v=5-3xintobx -2y =12 (2)
5x—-2(5—-3x) =12
Step 3: Expand and solve bx-10+0x=12 = 1MMx=22 = x=2
Step 4: Substitute into equation (1): y=5-5X2=5-0=—1

Step 5: Check: (1), 5 X2+ -1=5and (2),5X2-2X-1 =10 + 2 = 12, which are correct
50 the solution is x = 2 and y = 1.
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Simultaneous Equations — non-linear

We can use a similar method when we need to solve a pair of equations, one of which is linear and the
other of which is non-linear. But we must always substitute from the linear into the non-linear.

Solve these simultaneous equations.
¥+y =5
X+y=23
Call the equations (1) and (2):
X+ =5(1)
X+y=3(2)
Rearrange equation (2) to obtaln:
xX=3—-y%
Substitute this Into equation (1), which glves:
(B-y)+y*=5
Expand and rearrange Into the general form of the quadratic equation:
9-6y+y +y =5
2y —6y+4=0

Cancel by 2:
)'2 —3y+2=0
Factorise:
(y-1(y-2)=0
= v=1lorZ

Substltute for y In equation (2):
Wheny=1x=2and wheny=2,x=1.

Note you should always glve answers as a palr of values In x and y.
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Simultaneous Equations - substitution

Solve the following equations

a) b)

a+2b=9 2Xx + 5y =46
a+3b=11 X+ 3y =27
d) e)
p+r=15 3a+2b=33
p—r=9 5a—4b =44
g) h)
2m +5n =57 4p +3r=5
n=m+2 r=2p—5
) k)
x> +y*=45 x?—y?=-5
X =2y y=x-5

c)

3m+2n=14
4m +5n = 14

f)
6x —5y =20
4x + 3y =7

a—5b=6
a=3b+2
)
2x* +y* =57
x+y=1
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Simultaneous Equations - substitution

a) b) c)

a=5b=2 Xx=3,y=8 m=6,n=-2

d) e) f)

p:12,|’=3 a=10,b=1.5 x=2.5’y=_1

g) h) i)

m=41,n=21 p=2,l’=-1 a='4,b='2
7 7
j) k) 1)
X=6,y=3 Xx=2,y=-3 x=-4,y=5
X=-6,y=-3
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Drawing Graphs - Quadratics

A quadratic function can be written in the form ax® + bx + ¢, where a, b
and c are constants and a #0

When a > 0, a quadratic
graph looks like this.

Quadratic curves are symmetrical about their vertex (the turning

point). For a > 0, this vertex is always a minimum point, and for

a < 0 this vertex is always a maximum point. When w20 maiitls
graph looks like this.

The significant points of a quadratic graph

A quadratic graph has four points that are of interest to a v vA
mathematician. These are the points A, B, C and D on the
diagram. A and B are called the roots, and are where the D
graph crosses the x-axis, C is the point where the graph

crosses the y-axis (the intercept) and D is the vertex, and is A B
the lowest or highest point of the graph. \ \/

o )
\j\‘
=
W
E
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Drawing Graphs - Quadratics

The roots

These are the points where the graph crosses the x-axis therefore

y = 0 at these points.
You can find the roots by solving the quadratic written in the from

ax?+bx+c=0.
You can solve by factorisation, using the quadratic formula or
completing the square.
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Drawing Graphs - Quadratics

For each quadratic function Hint:
. ; : Remember to
I Factorise the equation, .
include the y-
il Use your answer to part i to sketch a intercept. This is

when x = 0 so you
can substitute that

a fix)=2*+3x+2 b fix)=2*+6x-7 in to your
. ) equation.
c f(x)=—x*-x+2 d f{x)=—x*-7x-12

e flx)=2x-x-1 f f(x)=-3+11x+20

graph of the function.

You can leave out
the vertex for now.
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Drawing Graphs - Quadratics

2 a i f(x) X+3x+2= x+l)(r+2) d i fx)=-x*-7x-12=(x+4)(-x-3)
) ii y
y-intercept = 2 A y-intercept = -12
o > X
b i flx)= (x—=1)(x+7)
i e i fx)=2x2-x-1=2x+1)(x-1)
-
\-/f/ y-intercept = -7 \ T / y-intercept = -1
> X
0.5 |

c i fx)=—x*-x+2=(x+2)(1-x)
ii ¥ f i flx)=-3x"+11x+20=(x-5)(-3x—-4)

ii y

é | N’. X y-intercept = 2 ﬂ, Y y-intercept = 20

A | 3\
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Drawing Graphs - Cubics

Cubic graphs

A cubic function or graph is one which contains a term in x°. The following are examples of
cubic graphs:

."\-'=x3 y=13—2x2—3x—4 ).-'=x3—x2—4x+4 y=x3+3x

A sketch should always show: m

« The shape of the curve.
« 'The position of the curve on the axes.
» Points of intersection with the x and y axes.

If the question calls for it, a sketch may also include:

» Maximum and minimum points.
» 'The location of a named point.

The graph of y=x" is shown. It crosses through the x-axis once

only, at the point (0, 0), since the equation x* =0 has just one real 0 *
solution x=0

A cubic equation can have three real solutions, in which case it will
cross the x-axis three times. For example, the equation y=x’-x

crosses the x-axis at x=-1, x=0 and x =1 since the equation 4 7
x’—x=0 can be solved by factorising in this way. / '

xX'=x=0=x(x*-1)=0 s
= x(x-1)(x+1)=0 /I 0 1
=x=0,1, -1
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Drawing Graphs - Cubics

A cubic equation will look different if the coefficient of the x’

term is negative. For example, the equation y = (x+1)(x+2)(2-x)

crosses the x-axis at x=-1, x=-2 and x =2, but if you expand

(x+1)(x+2)(2—x) you get —x’ —x’ +4x+4 so the coefficient of the

x’ term is negative.

You can also work out where a graph crosses the y-axis by
substituting x =0 into the equation, in this case at y=4

y=@+ I)x+2N2-x)

[ "y

= | Sketch the graph with equation y=x(x+4)(5-x) Since these are the solutions

@ to x(x+4)(5-x)=0

=

= The equation y = x(x+4)(5—x) crosses th{e x-axis at P m———

C)'(d x=0,x==4andx=5 * need to expand the whole

Lii Expanding x(x+4)(5—x) gives y exp:S_sao? t? v:ork out the

2 2 A .
; —x" +x°+20x ‘ y=xx+4)5-x) coetticient ot x
So the coefficient of x” is negative. \ - Sketch the graph.
B 0 ;\ s Remember to label the
"\ e—— intercepts.
\ W
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Drawing Graphs - Cubics

Sometimes a polynomial equation will have repeated roots.

A repeated root occurs when the polynomial has a squared factor,

so the same root is given twice. This means the x axis is a tangent
to the curve at the root. For example, the quadratic equation
x°+6x+9=0 can be factorised and written as (x+3)* =0, which
means that there is a repeated root of x=-3. So the graph of

y=x"+6x+9 will just touch the x-axis at the point x=-3 as shown.

The same principle applies to cubic equations. For example the
equation y = x(x—3)’ crosses the x-axis at x=0 and touches the
x-axis at x =3 because this is a repeated root.

N
.
(5]

‘,4.’ N ™ MY by
=Xampi

Sketch the graph with equation y =—(x+2)*(x-5)

—(x+2)*(x=5)=0 hasarootat x=5
and a repeated root at x=-2

Therefore the graph of y =—(x+2)" (x—5)
will cross the x-axis at x =5 and touch

at x=-2

y=~(x+2)(x-5)

y

“/ y=(x+3)
9

y=x(x-3)

The coefficient of x* is
negative so the graph is this
way around.

When x=0, y=—(2)?(-5)=20 »

Find the point of intersection
with the y-axis.
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Drawing Graphs - Cubics

1 Sketch each of these cubic graphs.

a y=-x’ b y=(x+1)(x+2)(x+4) ¢ y=(x-2)(x+3)(x+5)
d y=x(x+1)(x-2) e y=(5-x)(x+2)(x+6) f y=—x(x+1)(x-7)

g y=x"(x+3) h y=(x-1)*(x+4) i y=—x(x+5)

j y=x*(6-x) k y=x(2x+1)(x-4) |  y=(x-5)(3x-1)
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Drawmg Graphs Cublcs

.“
1
y YR+ 1Mx- y=x(x+5)
_\‘:-x' A
f 0——-».\
- -\ “ y==x(x+ I)x=7)
> X
1 ]
b ¥
y = Y y=x%6-x)
A
8 - k y _\'=.Y(2.l'+ 1) (x—4)
€ y A
A v=(5-0(x+2)x+6)
y= X(x+3)
Y=+ I e+ 2)ix+4) X
' 60
C 1 Vv
20+ 3y + 5
y=(x-1)(x+4) 1

v y=x=-50Gx-1)

A /
X
» X

143 5
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Trigonometry - Sine Rule

To solve problems involving non-right-angled triangles you use the ¢

sine rule and the cosine rule. b 8
Sineralesint o BOE C WGty angle, !
a b c C
or write as — e ,b =—° _tofind aside. It's important Angles are written upper
sinA  sinB  sinC

case and sides are lower
case. Angle A is opposite
side a and so on.

that sides and angles with the same letter are opposite.

In order to use the sine rule you must have information about an
opposite side and angle pair.

"~ =
+ | Find the lengths of sides x and y in this triangle. = -
—%_ % B 9 . ¥ ot 9cm
“ sinB2  sin33
> . The side of length 9 cm is
) = sin&2 =16.
B sin 53 7o Ot &) Rearrange to solve for x opposite the 33 angle. The
= | ) side xis opposite the 82°
The angle opposite yis 160-33-82 =65 angle. So you can use the
S e 2 A You could also use the sine rule.
sinG5  sin?3 other pair of xand 82°:
y 16.4

x&nG5 =150cm ' s
e [~ sin 65  sin 82
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Trigonometry — Sine Rule

When finding an angle, remember that the equation sinf =k has two solutions in the range 5em
0°<6<180° when 0 < k < 1. So you need to subtract the first solution you find from 180° to find a
second solution then decide whether or not it is a possible solution for your triangle.

7cm

For example, if A=40°, a=5 and b=7 then two different triangles could be formed:

A
S5¢c
The sine rule gives the acute solution B=64°, but B=180-64=116" is also a possible solution. o U

You need to check whether or not the obtuse solution will actually work. If it is too big then the
angle sum of the triangle would be more than 180° which is not possible!

" . T

& | Find the size of angle @in this triangle. iy

4cm

= »_’*

= sin® sin82

£ % - A > = The side of length 12 cm is

< ? opposite the 80° angle so

» sin 80 .

w sin@ = X4=0328.. e you can use the sine rule.
K__. 1 The angle #is opposite a

0=sin"'(0.328.)=19.2° side of length 4 cm.

or0=180-192=1608° »

Rearrange to solve for &

but 160.8° is not possible for this triangle as it would give an
angle sum of more than 180° Subtract from 180° to give
50, 8=19.2° other solution.
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Trigonometry — Cosine Rule

If you do not have information about an opposite side and angle

pair then you will need to use the cosine rule.
Cosine rule: a’ =b’ +¢’ —2bc cos A m

(where angle A is opposite side a)

4 B
7 = Find the length of side x in this triangle. : X
cm
9 70°
Q. K’ =7 4187 —2X7x18Xc0s70 o 18 cm
‘0-8
L =286.86 You do not have information about an opposite side
u/:J — /2868 =169 cm and angle pair so you need to use the cosine rule.
l\—‘ x is the side you need to find so this is ‘a’ in the
rule, which means the 70° angle is ‘A’ since it is
opposite x. The other two sides are ‘b’and ¢’in
either order.
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Trigonometry — Cosine Rule

If you know the lengths of all three sides of a triangle then you can use the cosine rule to find one
of the angles. You can either use a” = b’ +¢” —2bc cos A and solve to find A, or you can use the
rearranged version of the cosine rule:

The equation cos @ = k only has one solution in the range
b*+c*-a’ 0°<0<180° so the cosine rule gives a unique solution.

Cosine rule: cos A=

2be You can also use trigonometry to find the area of a triangle.

(Remember that side a is opposite angle A)

Find the size of angles x and y in this triangle. - ke om
& 2 - 9cm ¥ 7cm
(12°+9°=7%) 22 o
COSX = =
2X9%12 T You know the lengths of all
(22 . three sides so use the
ASS G ( 2 ) =354 cosine rule.
9 +7°-12¢ 1
cosy = =—— o Make sure you use 12 as the
2x9x7 9 side opposite to angle y
1

=co5 | —— |=964°
. (9)
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Trigonometry

1

Use the sine rule to find the length of the sides labelled x and y in each of these triangles.

b 4 cm c

y X

13¢cm

9cm
Use the sine rule to find the size of angle @in each of these triangles. Explain whether the

solution is unique in each case.

a 19 em b c

17 cm 45¢cm
Scm

4 cm

Use the cosine rule to find the length of the side x in each of these triangles.

a 1Scm b
IIIIIIIIII.\
26 cm

25¢m

17 cm
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Trigonometry

4 Use the cosine rule to find the size of the angles labelled x and y in each of these triangles.

a *
24 cm b 6cm
19 cm
X v Scm

4
17 cm S

5 Find the length of the side labelled x in each of these triangles.

9.8 cm 6.8 cm

13.6 cm

- 2l cm
30°

19 cm

f 17m
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Trigonometry

6 Find the size of the acute angle fin each of these triangles.

c 23 m

6 cm 11 mm

17 cm 14 m 14 m

Triangle ABCis such that AB=5 cm, BC=3 cm and AC =7 cm. Calculate the size of angle ABC

Triangle ABC is such that AB =24 cm, AC=27 cm, angle ABC = 37° and angle BCA= 6.
Calculate 6
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